Wild Galois Representations: Elliptic curves over a $3$-adic field by Coppola, Nirvana
ar
X
iv
:1
81
2.
05
65
1v
4 
 [m
ath
.N
T]
  2
2 J
un
 20
19
Wild Galois representations: Elliptic curves over a 3-adic
field
Nirvana Coppola∗
University of Bristol
June 25, 2019
Abstract
Given an elliptic curve E over a local field K with residue characteristic 3, we investigate
the action of the absolute Galois group of K in the case of potentially good reduction. In
particular the only not completely known case is that of the ℓ-adic Galois representation
attached to an elliptic curve such that the image of inertia is non-cyclic, and isomorphic to
C3 ⋊ C4. In this work we describe such a representation explicitly.
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1 Introduction
Let E be an elliptic curve defined over a field K, i.e. a projective smooth curve of genus 1, with a fixed
point O. It is given by a non-singular Weierstrass equation
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6, (1)
with coefficients ai ∈ K. We refer to [9] III§1 for the definition of the invariants associated to this curve,
in particular we denote by ∆ its discriminant. Let GK = Gal(K¯/K) be the absolute Galois group of
K; then any σ ∈ GK acts on the points of the curve by sending the point P of coordinates (x, y) to
σ(P ) = (σ(x), σ(y)). In particular GK acts on the groups of m-torsion points E[m] (i.e. the points of
order dividing m), hence on the Tate modules, which are
Tℓ(E) = lim←−
n
E[ℓn].
This action is called ℓ-adic Galois representation attached to E, and denoted ρE,ℓ.
LetK be a local field, i.e. a field of characteristic 0 which is complete with respect to a discrete valuation
v, with valuation ring OK , maximal ideal m and perfect residue field k. The residue characteristic of K is
the characteristic of k, and we will always denote it by p. A typical example of this is K = Qp, with the
p-adic valuation, or any finite extension of it. We fix an algebraic closure K¯ of K and we denote by Knr
the maximal unramified extension of K contained in K¯.
Definition 1.1. The inertia subgroup of GK = Gal(K¯/K) is
IK = {σ ∈ G : ∀x ∈ k¯, σ(x) = x},
where k¯ is a fixed algebraic closure of the residue field k, which is equal to the residue field of K¯.
∗
e-mail: nc17051@bristol.ac.uk
1
If we define red : (σ 7→ σ¯) to be the morphism that sends an automorphism of K¯/K to its reduction
on the residue field, then IK = ker(red) ∼= Gal(K¯/Knr) and
GK/IK ∼= Gal(k¯/k).
This group is procyclic, generated by the Frobenius element, i.e. the automorphism: x 7→ x|k| for all
x ∈ k¯. Any preimage Frob of the Frobenius in GK under the projection to Gal(k¯/k) is called a Frobenius
element of GK , and it satisfies Frob(x) ≡ x|k| (mod |k|).
To study the ℓ-adic Galois representation attached to an elliptic curve one has to study the Frobenius
and the inertia action and see how they are related. This representation changes substantially according
to the reduction type of the curve. To determine the reduction type of a curve over a local field, first we
consider a minimal equation for it, i.e. such that the valuation of the discriminant is minimal among all
those equations with coefficients in OK . If we reduce modulo m its coefficients, we obtain the equation of
a curve E˜ over the residue field k, which is not necessarily non-singular. We have three possibilities:
• if E˜ is non-singular we say E/K has good reduction.
• if E˜ has a node we say E/K has multiplicative reduction;
• if E˜ has a cusp we say E/K has additive reduction.
In the last case, there is a finite extension of K where the curve acquires either good or multiplicative
reduction, so we say E/K has potentially good (resp. multiplicative) reduction. The Galois representation
of a curve defined over a p-adic field, i.e. a local field such that the residue characteristic is p, can easily
be studied in the case of good and potentially multiplicative reduction, respectively via the Criterion of
Néron-Ogg-Shafarevich (see [9] VII§7) and the theory of the Tate curve (see [10] V§3); the last remaining
case is that of potentially good reduction. Following the work of Kraus ([7]) we have that the image of
inertia is isomorphic to one of the following:
C2, C3, C4, C6,
C3⋊C4 only when p = 3,
Q8, SL2(F3) only when p = 2.
In this work we present a result to determine the ℓ-adic Galois representation attached to an elliptic
curve over a field of residue characteristic 3 such that the image of inertia is non-cyclic, hence isomorphic
to C3 ⋊ C4.
Theorem (See Theorems 3.1 and 3.2). Let E be an elliptic curve defined over a 3-adic field K and let
ρE,ℓ be the Galois representation attached to it. Suppose that the image of the inertia subgroup of GK is
isomorphic to C3 ⋊ C4. Then ρE,ℓ factors as follows
ρE,ℓ = χ⊗ ψ,
where χ is an unramified character of GK (i.e. it is trivial on inertia) and ψ is an irreducible faithful
representation of dimension 2 of a finite group.
The character χ is the only unramified character such that χ(Frob) =
√
−|k| and if n = [k : F3] is even
then ψ is a representation of the finite group C3 ⋊ C4 with character:
class 1 2 3 4A 4B 6
size 1 1 2 3 3 2
ψ 2 −2 −1 0 0 1
while if n is odd then ψ is a representation of C3 ⋊D4 with character:
class 1 2A 2B 2C 3 4 6A 6B 6C
size 1 1 2 6 2 6 2 2 2
ψ 2 −2 0 0 −1 0 −√−3 √−3 1
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This result is almost completely known except for the fact that, in the case of odd n, the representation
ψ could be either the one presented in the statement or the one with exactly the same characters except
for the classes 6A and 6B, which are swapped. In this work we construct this representation explicitly,
describing one generator of the class 6A and computing its character under ψ. Note finally that most of
the tools presented here coincide with those used in [6], but here we apply these tools to the case of any
3-adic field.
In Section 2 we present the general setting for this problem. In particular we recall some results about
the Galois representations attached to curves with good reduction and what is already known about the
potentially good reduction case. In Section 3 we tackle the last remaining case over 3-adic fields, when
the action of inertia is non-cyclic, and we prove the main theorems. The proof is divided into two parts:
in Section 3.1 we give the proof for the case i contained in the base field K and in Section 3.2 we assume
i /∈ K.
2 Preliminaries
Let E/K be an elliptic curve over a p-adic field. In this section we give some general results about the
study of the Galois representation attached to E. As mentioned in the introduction, this representation
varies according to the different reduction types that E can have. There are several results about reduction
types in [9] VII§5, which can be summarised as follows.
Theorem 2.1. Let E/K be an elliptic curve.
• Let K′/K be an unramified extension, then the reduction types of E/K and E/K′ are the same.
• Let K′/K be a finite extension. If E/K has good or multiplicative reduction over K, then E/K′ has
the same reduction type.
• There exists a finite extension K′/K over which E has either good or multiplicative reduction.
• The curve E has potentially good reduction if and only if its j-invariant is integral.
So if E/K has additive reduction, there is a finite extension over which it acquires either good or
multiplicative reduction; once it does, its reduction type does not change. This suggests the terminology
potentially good (resp. multiplicative) reduction. So in case of additive reduction, using the last statement,
we can check easily whether the reduction is potentially good or not: we only need to compute the valuation
of the j-invariant.
Definition 2.2. A Galois representation (of the form ρE,ℓ, or ρ¯E,m) is unramified if the inertia subgroup
of G acts trivially.
Theorem 2.3 (Criterion of Néron-Ogg-Shafarevich). Let E/K be an elliptic curve. The following are
equivalent:
1. E has good reduction over K;
2. ρ¯E,m is unramified for all positive integers m relatively prime to p;
3. ρE,ℓ is unramified for some (all) primes ℓ 6= p;
4. ρ¯E,m is unramified for infinitely many positive integers m relatively prime to p.
Proof. See [9] VII§7 Theorem 7.1.
So, if E/K has good reduction, the representation factors through the quotient of GK by IK , which is
generated by Frobenius.
GK Aut(Tℓ(E))
GK/IK ∼= 〈Frob〉
ρE,ℓ
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In this case the problem reduces to the study of the image of Frobenius. As it is shown in [11] IV§2.3,
it is always diagonalisable (at least in an algebraic closure of Qℓ), so it is enough to compute its eigenvalues
to uniquely determine its action.
Lemma 2.4. The characteristic polynomial of ρE,ℓ(Frob) is independent of ℓ and given by
F (T ) = T 2 − aT + q,
where q = |k| and a = q + 1− |E˜(k)|.
Proof. See [9] V§2 Proposition 2.3.
Example 2.5. Let E/Q3 : y
2 = x3−x. Since it has discriminant ∆ = 26, this is already a minimal model
and E has good reduction, with reduced curve
E˜/F3 : y
2 = x3 − x.
This curve has the following 4 points over F3: {O, (0, 0), (1, 0), (2, 0)}, therefore in the notation above
a = 0, q = 3 and the eigenvalues of Frobenius are ±√−3. In some basis of Q¯2ℓ we have
ρE,ℓ(Frob) =
( √−3 0
0 −√−3
)
.
Now let us consider elliptic curves with additive, potentially good reduction. Our first step is to
determine the image of the inertia subgroup. As a consequence of the Criterion of Néron-Ogg-Shafarevich
we have:
Corollary 2.6. The curve E/K has PGR if and only if the inertia subgroup IK acts through a finite
quotient on Tℓ(E) for ℓ 6= p prime.
Proof. See [9] VII§7 Corollary 7.3.
Let K be as above and let Knr be its maximal unramified extension. Since we are only interested
in the action of IK = Gal(K¯/K
nr) and since the reduction types of E over K and Knr are the same,
we may work simply on Knr. Suppose E has potentially good reduction (recall this is equivalent to the
j-invariant of E being integral) and let L be the minimal finite extension of Knr over which E acquires
good reduction. Then as we saw in the Corollary, for ℓ 6= p the Galois representation ρE,ℓ factors through
the quotient IK/IL, which is isomorphic to Gal(L/K
nr). Indeed, the subgroup IL is normal in IK , so
L/Knr is Galois. This group is also finite, and since we chose L to be minimal, it injects into Aut(Tℓ(E)).
Gal(K¯/Knr) Aut(Tℓ(E))
Gal(L/Knr)
ρE,ℓ
Furthermore, there is an injection of Gal(L/Knr) into Aut(E˜L), where E˜L is the reduction of the
minimal equation for E over L. For more details see [12] proof of Theorem 2. In particular, the image of
inertia does not depend on ℓ, and we can restrict the set of possible inertia groups to
C2, C3, C4, C6,
C3⋊C4 only when p = 3,
Q8, SL2(F3) only when p = 2.
This list comes from the following classification of the automorphisms of an elliptic curve defined over
a field of characteristic p (see [9] Appendix A Proposition 1.2(c)).
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j 6= 0, 1728 j = 1728 j = 0
p 6= 2, 3 C2 C4 C6
p = 3 C2 C3 ⋊ C4 C3 ⋊ C4
p = 2 C2 SL2(F3) SL2(F3)
Since these groups have all different orders, if we know the degree of the extension L/Knr , we can
uniquely determine the Galois group of this extension, hence the structure group of the image of inertia.
From this moment on, we denote by GL the group Gal(L/K
nr). In [7], there are complete classification
theorems that depend on the residue characteristic being 2, 3 or higher. In this work we focus only on the
case p = 3. The main lemma to compute the extension L is the following.
Lemma 2.7. With the notations as above,
L = Knr(E[2],∆1/4).
Proof. See [7] §2.
Using this result and Tate’s Algorithm (see [10] IV§9), Kraus proves the following classification theorem.
Theorem 2.8. For p = 3 we have the following classification of the possible images of inertia:
• if E has type I∗0 , then v(∆) = 6 and GL ∼= C2;
• if E has type III, then v(∆) = 3 and GL ∼= C4;
• if E has type III∗, then v(∆) = 9 and GL ∼= C4;
• if v(∆) ≡ 0 (mod 4), then GL ∼= C3;
• if v(∆) ≡ 2 (mod 4) and E has type different from I∗0 , then GL ∼= C6;
• if v(∆) is odd and E has type different from III and III∗, then GL ∼= C3 ⋊ C4.
We refer to [7] §3 for the classification theorem in the case p = 2. It is worth mentioning a more general
result, which can be found in [12] §2 Corollary 3.
Theorem 2.9. If E/Knr has potentially good reduction, then the minimal extension L/Knr over which
it acquires good reduction is Galois and equal to Knr(E[m]), where m is any integer with m ≥ 3 and
(p,m) = 1. The Galois group Gal(K¯/L) is equal to ker(ρE,ℓ) for any ℓ 6= p.
3 Curves over a 3-adic field with non-cyclic inertia action
In the tame prime case, i.e. when p ≥ 5, the Galois representation can be fully described, with the approach
in [4]. A similar approach also works when p = 3 but the image of inertia is cyclic. So the first non-trivial
case is when the curve E is defined over a 3-adic field K with image of inertia isomorphic to C3 ⋊ C4, i.e.
the last case in Theorem 2.8. Here we present an algorithm to describe completely the Galois action.
First of all let k be the residue field of K, and let n = [k : F3]. Then n is even if and only if K contains
a fourth root of unity, which we denote i, and the Galois representation changes substantially in this two
cases. Let us fix some notation. By Lemma 2.7, we have that the minimal field extension L/Knr where E
acquires good reduction is generated by 2-torsion and a 4-th root of the discriminant. Let F be the field
extension of K generated by these elements. Then E still acquires good reduction on it, since L = Fnr
and it is totally ramified of degree 12. However it is not necessarily Galois. In fact it is Galois, with Galois
group C3 ⋊ C4 if and only if i ∈ K. Otherwise, its Galois closure is F (i) and Gal(F (i)/K) ∼= C3 ⋊ D4.
Since char(K) = 0, the curve E can be written with a Weierstrass equation of the form y2 = f(x), where
f is a monic polynomial of degree 3. If α, β, γ are the roots of f in K¯, ∆ the discriminant of E, then
F = K(α, β, γ,∆1/4), for some choice of ∆1/4. Moreover let σ and τ be the generators of Gal(L/Knr)
that act on α, β, γ as follows:
σ : α 7→ β, β 7→ γ, γ 7→ α;
τ : α 7→ α, β 7→ γ, γ 7→ β.
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Then we fix ∆1/4 =
∏
i=0,1,2 σ
i(
√
β − α). This particular choice will be justified in Section 3.2. We have
σ(∆1/4) = ∆1/4 and τ (∆1/4) = i∆1/4.
We have the following theorems, as stated in the introduction.
Theorem 3.1. Let E be an elliptic curve defined over a 3-adic field K and let ρE,ℓ be the Galois repre-
sentation attached to it. Suppose that the image of the inertia subgroup of GK is isomorphic to C3 ⋊ C4.
Then ρ = ρE,ℓ factors as follows
ρ = χ⊗ ψ,
where χ is an unramified character of GK (i.e. it is trivial on inertia) and ψ is an irreducible faithful
representation of dimension 2 of a finite group.
Theorem 3.2. With the same notations as in Theorem 3.1, the character χ is the only unramified character
such that χ(Frob) =
√
−|k| and if n = [k : F3] is even then ψ is a representation of the finite group C3⋊C4
with character:
class 1 2 3 4A 4B 6
size 1 1 2 3 3 2
ψ 2 −2 −1 0 0 1
while if n is odd then ψ is a representation of C3 ⋊D4 with character:
class 1 2A 2B 2C 3 4 6A 6B 6C
size 1 1 2 6 2 6 2 2 2
ψ 2 −2 0 0 −1 0 −√−3 √−3 1
3.1 The case i ∈ K
Proof of Theorems 3.1 and 3.2. Let us first consider the case n even, i.e. i ∈ K. Then, if F is a minimal
extension of K where E acquires good reduction, we have that F/K is Galois with Galois group C3 ⋊C4.
But then Fnr/K is the compositum of the two Galois extensions F/K and Knr/K, with Galois group
Gal(F/K) × Gal(Knr/K). In particular the Frobenius element, that generates Gal(Knr/K), commutes
with every element of this group, therefore it can be represented as a scalar matrix. Its eigenvalues coincide
and their product is equal to |k|, therefore they are both ±3n/2. Call λ this eigenvalue. By Theorem 2.9, the
extension Fnr/Knr is generated by 4-torsion, with Gal(Fnr/Knr) = Gal(F/K), so actually F = K(E[4]).
In particular, the Frobenius automorphism of F acts trivially on 4-torsion, hence its eigenvalues are λ ≡ 1
(mod 4) (this is a generalisation of the argument in [5], Lemma 1). Therefore λ = (−3)n/2 for every even
n.
Now define the following unramified character:
χ(Frob) = λ;
χ
∣∣
IK
= 1.
Then ρ(Frob) = χ(Frob)Id and there exists a representation ψ such that ρ = χ⊗ψ. The representation
ψ is irreducible of dimension 2, since ρ is, it is trivial on Frobenius and coincides with ρ on inertia; therefore
it factors through C3 ⋊ C4 and, as a representation of this finite group, it is faithful. The group C3 ⋊ C4
has only one irreducible faithful 2-dimensional representation (see [3]), so the Galois representation is
completely described by it. Namely the character table of ψ in this case is:
class 1 2 3 4A 4B 6
size 1 1 2 3 3 2
generator e τ 2 σ τ στ στ 2
ψ 2 −2 −1 0 0 1
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3.2 The case i /∈ K
Suppose now that i /∈ K. Then the field extension F/K is not Galois and its Galois closure is F (i); so
its Galois group contains σ, τ and an extra unramified automorphism corresponding to the map i 7→ −i,
which we call φ. Considering that this group is isomorphic to C3 ⋊ D4, it is presented by the following
relations:
σ3 = 1;
τ 4 = 1;
φ2 = 1;
σφ = φσ;
φτφ = τ−1;
τστ−1 = σ2.
Since the orders of σ and τ are respectively 3 and 4 then σ is a wild inertia element and τ is tame.
Lemma 3.3. Let F (i) be the Galois closure of F . Then:
F (i) = K(
√
β − α,
√
γ − β,√α− γ,
√
α− β,
√
β − γ,√γ − α).
Proof. Let F ′ = K(
√
β − α,√γ − β,√α− γ,√α− β,√β − γ,√γ − α). First of all, we prove that F (i) ⊆
F ′. Indeed α, β, γ are clearly in F ′; i =
√
β − α√
α− β ; finally one possible choice for ∆
1/4 is given by the
product
√
(β − α)(γ − β)(α− γ), which is in F ′. Since both F (i) and F ′ are Galois over K, then also all
the other fourth roots of ∆ (which are in F (i)) are in F ′. To prove that F ′ ⊆ F (i), let B = K(α, β, γ); we
show that [F ′ : B] | [F (i) : B]. The extension F (i)/B is of degree 4, with an unramified subextension of
degree 2 and a totally tamely ramified subextension of degree 2. Therefore Gal(F (i)/B) ∼= C2 × C2. The
extension F ′/B is the compositum of some quadratic extensions, so its Galois group is isomorphic to the
direct product of m copies of C2, for some m. Now since B is a local field with residue characteristic 3,
the extension F ′/B can only be the compositum of an unramified subextension of degree at most 2 and
a tamely ramified (hence cyclic) subextension, again of degree at most 2. Therefore its Galois group is a
subgroup of C2 × C2 and [F ′ : B] | 4.
Lemma 3.4. With the notation fixed before, the elements σ, τ, φ act on the generators of F ′ as follows:
σ :
√
β − α 7→
√
γ − β 7→ √α− γ 7→
√
β − α;
√
α− β 7→
√
β − γ 7→ √γ − α 7→
√
α− β.
τ :±
√
β − α↔ ∓√γ − α; ±
√
α− β ↔ ∓√α− γ; ±
√
γ − β ↔ ∓
√
β − γ.
Finally φ fixes
√
β − α,√γ − β,√α− γ and changes signs to √α− β,√β − γ,√γ − α.
Proof. As in Section 3, let us fix a root
√
β − α, so that ∆1/4 =∏i=0,1,2 σi(√β − α). Then
σ(
√
β − α)2 = σ(β − α) = γ − β,
so σ(
√
β − α) = ±√γ − β. Call √γ − β = σ(√β − α) and, similarly, √α− γ = σ2(√β − α). So σ acts as
follows: √
β − α 7→
√
γ − β 7→ √α− γ 7→
√
β − α;√
α− β 7→
√
β − γ 7→ √γ − α 7→
√
α− β.
In particular we can write ∆1/4 = (
√
β − α)(√γ − β)(√α− γ) with the choices made. Now, since τ
fixes α and swaps β and γ, we know τ (β − α) = γ − α, so for some choice of sign ε ∈ {±1} we have
τ (
√
β − α) = ε√γ − α = εi√α− γ. Using the anticommutation rule of σ and τ we deduce
ε
√
β − γ = σ2(ε√γ − α) = σ2τ (
√
β − α) = τσ(
√
β − α) = τ (
√
γ − β),
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hence τ (
√
γ − β) = εi√γ − β and similarly τ (√α− γ) = εi√β − α).
Now, by the equation τ (∆1/4) = i∆1/4 we find ε3i3 = i, hence ε = −1. Therefore the action of τ is
±
√
β − α↔ ∓√γ − α; ±
√
α− β ↔ ∓√α− γ; ±
√
γ − β ↔ ∓
√
β − γ.
Finally, φ fixes α, β, γ,∆1/4 (note that since we have made a choice for ∆1/4 previously, now we
are making a choice for φ). Therefore we have φ(
√
β − α) = δ√β − α for some δ ∈ {±1} and using
σφ = φσ we deduce that also φ(
√
γ − β) = δ√γ − β, φ(√α− γ) = δ√α− γ. Since the product of these
three elements is fixed by φ, then δ = 1. Therefore φ fixes
√
β − α,√γ − β,√α− γ and changes sign to√
α− β,√β − γ,√γ − α.
From this it follows that F , which is the subfield of F ′ fixed by φ satisfies
F = K(
√
β − α,
√
γ − β,√α− γ).
Lemma 3.5. Let E be as before. Then the reduction of some minimal model for E/F on the residue field
is
E˜/k : y2 = x3 − x.
Proof. First note that we can write, over F , the equation for E as follows:
y2 = (x− α)(x− β)(x− γ).
Now, operating the change of variables (well-defined on F ){
x = x′(β − α) + α
y = y′(
√
β − α)3
we obtain the new equation
(y′)2 = x′(x′ − 1)(x′ − λ),
where λ =
γ − α
β − α . Finally, note that α−γ = σ
2(β−α), and since σ is an element of the wild inertia group
of F ′/K then σ2(β−α) ≡ β−α in the residue field. So the reduction in k of λ is the same as the reduction
of −α− γ
β − α , i.e. −1. With simplified notation, the reduction of E in k is therefore y
2 = x3 − x.
Proof of Theorem 3.1. Let GK be the absolute Galois group of K and let ρ : GK → GL2(Q¯ℓ) be the ℓ-adic
representation attached to E. In Example 2.5 we computed the eigenvalues of Frobenius acting on the
curve y2 = x3 − x over Q3: we found that ±
√−3 were such eigenvalues. In general, if a curve is defined
over a field K with residue field k with [k : F3] = n, and the reduction of the curve on k is y
2 = x3−x, then
the eigenvalues of Frobenius action on it are (±√−3)n. In particular, if n is odd, (±√−3)n = ±
√
−|k|,
so they are complex conjugate and the trace of Frobenius is 0.
Let χ be the following unramified character of GK :
χ(Frob) =
√
−|k|;
χ∣∣IK = 1.
Then we have ρ(Frob) = χ(Frob)
(
1 0
0 −1
)
and ρ(Frob2) = χ(Frob)2Id: let F2 be the field extension
of K fixed by Frob2: then it is an unramified extension of K of degree 2, i.e. F2 = K(i). Also, in the
notation used above, F ′ = F (i) = FF2. So the Galois group described before Gal(F (i)/K) is generated
by σ, τ and the class of Frob modulo Frob2, which we can identify with φ. Moreover, there exists an
irreducible representation ψ of GK such that
ρ = χ⊗ ψ;
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to find it, since χ is a character, it is sufficient to consider: ψ(g) =
1
χ(g)
ρ(g). The kernel of this represen-
tation ψ is precisely Gal(K¯/F (i)), so ψ factors through the finite group Gal(F (i)/K) and it is indeed an
irreducible faithful representation of the finite group C3 ⋊D4.
By looking at the character table of C3 ⋊ D4 (again, see [3]) it follows that there are precisely two
irreducible faithful representations of this group of dimension 2, and they only differ for the character of
the two conjugacy classes generated by the elements σφ and σ2φ. To uniquely determine ψ we therefore
have to compute the trace of the element ψ(σφ), and see whether it is
√−3 or −√−3.
Proof of Theorem 3.2. We know from Lemma 3.5 that, over F , the equation for E is
E : y2 = (x− α)(x− β)(x− γ)
and under the change of variables
x = x′(β − α) + α;
y = y′(
√
β − α)3,
we find the minimal model
Emin : y
2 = x(x− 1)(x− λ),
that reduces to
E˜ : y2 = x3 − x
over the residue field. Now let f(x, y) = (x′, y′) be the change of variables above, red the reduction map:
Emin(K¯) → E˜(k¯) and lift : E˜(k¯) → Emin(K¯) be any section of red. Then we can compute the action of
any Galois automorphism g on the reduced curve E˜(k¯) via the following composition:
red ◦f ◦ g ◦ f−1 ◦ lift .
So in particular for g = σ Frob we have (recall |k| = 3n):
(x˜, y˜)
lift−−→ (x, y) f−→
(
x(β − α) + α, y(
√
β − α)3
)
σ Frob−−−−→
(
x3
n
(γ − β) + β, y3n(
√
γ − β)3
)
f−1−−−→(
x3
n
(γ − β) + β − α
β − α , y
3n (
√
γ − β)3
(
√
β − α)3
)
=
(
x3
n γ − β
β − α + 1, y
3n (
√
γ − β)3
(
√
β − α)3
)
red−−→
(
x˜3
n
+ 1, y˜3
n
)
(in the reduction step, recall that
√
γ − β√
β − α =
σ(
√
β − α)√
β − α , hence it reduces to 1).
Now, to compute the trace of ρ(σ Frob) we use the formula
tr(g) = deg(g) + 1− deg(1− g);
in our case deg(g) = deg ρ(σ Frob) = 3n, deg(1 − g) is the number of fixed points of ρ(σ Frob), i.e. the
number of solutions (including the point at infinity) of

x = x3
n
+ 1
y = y3
n
y2 = x3 − x;
(2)
Let us first consider the case n = 1. There are no solutions over k¯ to this system of equations, therefore
tr(ρ(σFrob)) = 3. But then
tr(ψ(σφ)) =
1√−33 = −
√−3.
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In general, we know that tr(ψ(σ Frob)) = ε
√−3 for some ε ∈ {±1}, and that tr(ρ(σ Frob)) =
ε
√−3χ(σ Frob) = ε√−3(−3)n/2 = ε(−3)(n+1)/2. The value of ε can be determined by solving the system
of equations above, but for a general n, it cannot be solved directly. However, the number of solutions is
independent on the curve we use, so it is sufficient to work with a fixed curve. Consider for example the
elliptic curve over Q3
E : y2 = x3 + 9.
Since its reduction modulo 3 is y2 = x3, the valuation of the discriminant is 7 and the j-invariant is 0,
this curve has potentially good reduction, and its Néron type is IV , so we are in the last case of Theorem
2.8. Hence the image of inertia is isomorphic to C3 ⋊ C4.
Let us fix a basis for Q¯2ℓ , where the action of Frobenius is given by the matrix
ρ(Frob) =
(
(
√−3)n 0
0 −(√−3)n
)
;
then the image of σ is either
(
ζ3 0
0 ζ−13
)
or its inverse, where ζ3 ∈ Q¯ℓ is the primitive third root
of unit
−1 +√−3
2
. By the computation done for the case n = 1, we know tr(ρ(σFrob)) = 3 and a
simple check shows that then ρ(σ) =
(
ζ−13 0
0 ζ3
)
. Now let K be an unramified extension of Q3 of
odd degree n, so the residue field k is a degree n extension of F3 and the reduction type and Galois
representation of the curve E base-changed to K, restricted to inertia is exactly the same as above. Then
ρ(σFrob) =
(
ζ−13 (
√−3)n 0
0 −ζ3(
√−3)n
)
, with trace −(−3)(n+1)/2. Incidentally, this argument proves
the following.
Lemma 3.6. The number of solutions of the system of equations (2) above is 3n + (−3)(n+1)/2.
Proof. We have tr(ρ(σ Frob)) = −(−3)(n+1)/2. On the other hand, we know
tr(ρ(σFrob)) = |k|+ 1− (1 + |{solutions to (2)}|) = 3n − |{solutions to (2)}|,
so the number of solutions to (2) is precisely 3n − tr(ρ(σFrob)) = 3n + (−3)(n+1)/2.
So with the notation above we have ε = 1, and the character of ψ is the following:
class 1 2A 2B 2C 3 4 6A 6B 6C
size 1 1 2 6 2 6 2 2 2
generator e τ 2 φ τφ σ τ σφ σ2φ στ 2
ψ 2 −2 0 0 −1 0 −√−3 √−3 1
This completes the proof of Theorem 3.2
Remark 3.7. Throughout this work, we have considered the Galois representation ρ on the Tate module.
It is common to consider instead the representation ρe´t on the étale cohomology of the elliptic curve. The
two representations are dual to each other (see [2] Theorem 15.1), so for each g ∈ GK ,
ρe´t(g) = (ρ(g)
−1)t.
In this case, it is a convention to consider the Geometric Frobenius Automorphism Frob−1 in place of
the Arithmetic Frobenius which we used. Therefore, the eigenvalues of ρe´t(Frob
−1) are exactly the same
as the eigenvalues of the Arithmetic Frobenius under ρ. In conclusion, ρe´t factors as:
ρe´t = χe´t ⊗ ψe´t,
where
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• χe´t = χ−1 (therefore χe´t(Frob−1) = χ(Frob));
• ψe´t is the only irreducible representation of C3 ⋊D4 with the following character:
class 1 2A 2B 2C 3 4 6A 6B 6C
size 1 1 2 6 2 6 2 2 2
generator e τ 2 φ τφ σ τ σφ σ2φ στ 2
ψe´t 2 −2 0 0 −1 0
√−3 −√−3 1
So ψ and ψe´t only differ for the trace of the conjugacy classes of σφ and σ
−1φ.
A function computing the Galois representation on the étale cohomology of an elliptic curve defined
over a local field is implemented in MAGMA. The algorithm for the case presented here is currently being
improved, using the results in Theorems 3.1 and 3.2.
Acknowledgments: I would like to thank my supervisor Tim Dokchitser for the useful conversations and
corrections. The work was supported by EPSRC.
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